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(Some) desired properties 
for a representation

• Adaptive (informed by predictive accuracy) 

• Universal/effective approximation 

• Locality 

• Computational efficiency 

• Low memory use 

• Fast convergence rate



Prototypes
• Use subset of observations as prototypes 

• Features are similarities to (some local subset of) the 
prototypes 

• Examples 

• sparse distributed memories 

• tile coding and radial basis functions 

• kernel representations
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Why prototypes?
• Has many of the desired properties, if used carefully

• Well-suited for high-dimensional observations

• if required number of prototypes not huge

• “many researchers believe that most decision-making 
systems need high accuracy only around low-
dimensional manifolds of the state space or important 
state “highways”” - Doina



Sparse distributed memory
• Associative 

memory model 

• Stores info in  
a distributed 
way using 
similarities 

• Assume output 
dimension is 1
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My focus today
• How do we pick prototypes? 

• How can we modify the 
bandwidth (response 
region) of each prototype? 

• A discussion about why 
kernels are useful for 
prototype-based methods



Why kernels?
• Explored well in machine learning and statistics 

• Many interesting suggestions for kernels 

• Nice well-known theoretical properties 

• representer theorem 

• convergence rates 

• …



Kernel representations
• Definition: for certain (infinite) non-linear feature 

representations, inner product is a kernel function 

• Generate many features, hopefully some useful 

• Can recast regression only using inner product of 
features —> can replace features with kernel 
similarity features

k(o,o0) = h�(o),�(o0)i

f(o) =
mX

i=1

wik(o,oi)



There are lots of        
different kernels

• Polynomial kernels 

• Gaussian kernel / Radial basis function 

• Graph kernels / Diffusion kernels 

• String kernels 

• e.g., p-spectrum kernel counts number of 
matching substrings, of length p or more



Polynomial kernels
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Gaussian kernel / Radial 
basis function

• Infinite-dimensional phi(o) 
implicitly mapping 
observations to infinite 
dimensional feature space
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of features, using implicit feature representations 
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• thresholding effective for feature selection

• Enables more efficient action selection for 
continuous actions using product kernels



How is this view useful?
• Enables a simple definition of linear independence 

of features, using implicit feature representation  

• adapt centers and bandwidth incrementally

• thresholding effective for feature selection



Adapting kernels
• Need to maintain a finite set of 

prototypes 

• Would like to adapt the         
bandwidths for each center,                
to improve approximation            
properties

Name Definition
Gaussian (r) = e

�("r)2

Multiquadric (r) =
p

1 + ("r)2

Inverse Multiquadric (r) = 1p
1+("r)2

C0 Matérn (r) = e

�"r

C2 Matérn (r) = e

�"r · (1 + "r)

C4 Matérn (r) = e

�"r ·
�
3 + 3"r + ("r)2

�

Table 1: Some common radial basis functions.

a matrix of size n with one positive eigenvalue, and n � 1 negative eigenvalues. Therefore, an
RBF interpolation which uses multiquadric basis functions has a unique solution, but that solution
cannot necessarily be computed using methods specialized for solving positive definite systems.
The multiquadric and inverse multiquadric are both part of the generalized multiquadric family
of RBFs defined by (r) = (1 + ("r)2)

� . A detailed investigation of generalized multiquadrics
can be found in [Che09]. While this paper focuses primarily on the shape parameter ", [Che09]
investigates the parameter � of the generalized multiquadric.

1.3 Shape Parameters
Many RBFs, including all of the ones studied here, have a variable " in their definitions. This
variable " is called the shape parameter. For the RBF definitions listed in Table 1, a smaller shape
parameter corresponds to a “flatter” or “wider” basis function. The limit as " ! 0 is often referred
to as the “flat” limit, because " = 0 corresponds to a constant basis function.

" = 3 " = 1 " = 0.4

Figure 2: Gaussian RBFs with different shape parameters plotted on the same domain.

Figure 2 shows three Gaussian RBFs with different shape parameters. The RBFs are graphed
with two-dimensional inputs on the same domain. As we will see below, changing the shape
parameter of an RBF alters the interpolant, and can have a significant impact on the accuracy of
the approximation.
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Finite prototypes
• Need a criterion for selecting prototypes 

• Unsupervised measure: approximately 
independent features 

• maximally different prototypes under kernel 

• Supervised measure: utility for prediction



Approximately independent 
features for symmetric kernels
• Common measure: approximate linear dependence 

• If small, then can approximately represent new 
feature as a linear combination of previous features
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Why can this feature be 
omitted from the prototypes? 
• Prediction is:  

• Dependent feature gives no additional modeling 
power —> beta absorbed into weights w

f(o) =
mX

i=1

wik(o,oi) =
mX

i=1

wih�(o),�(oi)i

=

*
�(o),
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Approximately independent 
features for nonsymmetric kernels
• With different bandwidths per center, we no longer 

have a symmetric kernel 

• difficult to compute approx. linear dependence 

• New proposed coherence measure:

coherence = max

i2{1,...,m}

mX

j=1,j 6=i

min [k(oi,oj ,�j), k(oj ,oi,�i)]



Theoretical properties
• Low coherence gives independence 

• The implicit features are independent (i.e., the 
kernel matrix is full rank) if coherence bounded 

• Finite number of centers

• For observations             if only add centers when 
coherence below 1 and            ,   then only a 
finite number of centers are chosen

�i > ✏
{oi}1i=1



Modifying bandwidths
• Coherence measure also suggests nice 

modifications to bandwidth 

• Come talk to me about adapting the bandwidths 

• Example: if coherence just a little too large, could 
instead increase bandwidth of nearest point 

• Example: to add new point, can merge two points 
with largest coherence and increase its bandwidth



How is this view useful?
• Enables a simple definition of linear independence 

of features, using implicit feature representation  

• adapt centers and bandwidth incrementally 

• thresholding effective for feature selection



Using prediction accuracy
• Conjecture: with bounded coherence, iterative hard 

thresholding gives sparse solution (l0 regularized) 

• Hard thresholding = dropping smallest weights 

• Sound (efficient) way to remove prototypes 

• Prediction accuracy informs removal of prototypes



Summary
• Adapting centers and bandwidths is facilitated 

using coherence measure and implicit features 

• Properties  

• adaptive representations 

• efficient memory use 

• prediction accuracy affects representation



Future work
• Product kernels for maximizing over actions 

• Partitioned kernels for partitioning observations and 
significantly reducing input dimension to kernels 

• maintain consistency 

• significantly improve convergence rate 

• … if observations can be partitioned


